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Abstract

Frobenius

Pt Let G be a finite group and H be a non-trivial proper subgroup
M. R of G. The group G is called a Frobenius group if HN H&8 =1
S for all g€ G— H. The set

K=(6- U H&)u{1}
geG
is called the Frobenius kenel and H is called the Frobenius
complement. Using character Theory it is proved that K'is a
normal subgroup of G. In this paper we present some group
theoretical proofs that K'is a subgroup of G under certain
conditions.

keywords: Frobenius group, Frobenius complement, Frobenius
kernel.
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Let G be a finite group acting on a set Q, || > 1. Then Gis
called a Frobenius group if

(a) G acts transitively on Q,
(b) Gy # 1 forany a € Q,
(c) GaNGg=1forall o, €, a##p.



Introduction

Frobenius
Kernel

M. R
Darafsheh

Let H= G, for some a € (2, then for any 3 € €2, the group Gg
is conjugate to G, i. e.

Gy = G§ = H8

for some g € G.
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Therefore F = G\_|J H8 is the set of elements of G that don't
geG
fix any element of . We set

K=Fu{1} = (G\ U H) U (1)

The subgroup H is called a Frobenius complement and the set
K is called the Frobenius kernel of G.
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It is easy to prove that Ng(H) = H and that
K| =16l +1— (JH)G: H—1=[G: H] = n
Therefore |G| = |K||H| and HN K = 1.
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G is called a Frobenius group with complement H if
1#Hs G

and
HNnHE=1

for all

g€ G\ H.
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It is proved by G. Frobenius in 1901.

% G. Frobenius, Uber auflésbare Gruppen , IV., Berl. Ber.,
1901 (1901), PP. 1216-1230.

That the Frobenius kernel K is a normal subgroup of G.
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The proof by Frobenius uses the theory of character. But since
1901 many attempts have been made to prove the normality of
K without using character theory. Ofcourse K contains the unit
element 1 and it is a normal subset of G, but the difficulty is to
prove that K'is closed under multiplication.
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" e Forethere proofs of the normality of K in G can be found in the
Darafsheh following refrences where character theory is used:
% L. Dornhoff, Group Representation Theory, Part A: ordinary
representation theory, Vol 7, Pure and Appl. Math, Marcel
Dekker, Inc., New York (97)
% W. Feit, On a conjecture of Frobenius, Proc. Amer. Math.
Soc. 7(1956)177-187.
% L. C. Grove, Groups and Characters, Pure and Appl. Math
John Wiley and sons Inc. New York 1997.
% M. Hall Jr, The theory of groups, The Macmillan company,
New York, 1959.
% B. Huppert, Endlichp Gruppen, Springer-Verlag, 1967.
% W. Koapp and P. Schmid, A note on Frobenius groups, J.
Group Theory, 12(2009) 393-400.
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Assume that G is a Frobenius group with complement H and
kernel K. We will present a character theoretic proof that K'is
a normal subgroup of G. This proof is a modification of the
proof in:

% W. Knapp and P. Schmid, A note on Frobenius groups,
Journal of group theory 12(2009) 393-400.
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Define the function ¢ : G — C by

|H|, if geK
Y(g) =

0, otherwise

Since Kis a normal subset of G, % is a class function on G. We
will prove 1) is a character of G with kerp = K, proving K < G.
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Let x € Irr(G). We will show that

Co= (0 = g TaU0) = 1 Tx(WIH = 7 Dl

x€G ’ ’XEK Nyek

is a non-negative integer.
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assume x # lg.

G— K= |J (H—1)8is a disjoint union of n conjugates of

geG
H — 1, hence
1
(0:16) = 1 Z N0 = i, 32 1)+ 1 200 -
(XHalH)_>T§_/|)+|H’:>C = x(1) — [H|(xH; 1n)

is an integer and |H| | C, — x(1).
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Therefore 1 equals a linear combinators of irreducible
characters of G with integer coefficients.
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Next we compute

1= (o) = g 32 AP + 1 P
1 ) x(1)?
|H| he%— ’ (h)‘ (XH7 1H) |H|

is a non-negative rational number.
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By Cauchy-Schwartz inequality

S IR = (S W)Y

xeK xeK

with equality iff

IX()| = x(1)

for all x.
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Moreover
1
W NE e

xeK

with equality iff x(x) € R, with the same signe. Therefore

x(1)?, &

1> ((xHs xXH) — Al )+m (*)
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G —x(1)? = (G = x()(C + x(1))

is divisible by |H| = the right-hand side of (x) is a positive
integer and consequently we must have equality. Thus

=Tl =)

xeK

is the degree of x and this proves that kery = K < G.
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In the paper entiiled " Some properties of the finite Frobenius
groups " published in Aut J. Math. and comput.
4(1)(2023)57-61, which was dedicated to Prof. J. Moori we
obtained some character theoretic properties of the finite
Frobenius groups as follows.
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Recal that G is a Frobenius group with complement H and
kernel K, G= KH, KN H=1, if Kiis a normal subgroup of G,
n=[G: H|.

G acts on the set of cosets of H as a transitive permutation
group of degree n and the number of orbits of H on this set is
called the rank of G and is denoted by s.
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Proposition

Let x be the permutation character of H acting on K by
conjugation. Then x = spy + 1y where py and 1y are the
regular and the identity character of H.
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Proposition

Let G be a Frobenius group with kernel K as a subset. If all
elements of K commute, then K'is a normal subgroup of G.

proof. K is a normal subset of G with identity and G acts on it
by conjugation. Let n be the permutation character associated
with this action. For g € G, n(g) is the number of k € K such
that k& = g~1kg = k. We have 7(1) = |K| and if g # 1, and

k& = k, then k € Cg(g) N K= Ck(g). Since G = KgLEJG H& we

distinguish the following cases.
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Since G=K UG Hé we distinguish the following cases.
gc

() 1€ K k¥ = k= ke Ck(g) = n(g) = |Ck(g)|

(I) 1+# g€ |J H®# = g belongs to some conjugate of H
geG

Some we may take

gceH=K=k=—=g=gfc HNH = ke HNK=1

= n(g) = 1.
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n(g) = 1, if 1 # ge {H| xe G},

ICk(8)l, if 1#geK
By assumption all elements of K cummute, hence

K|, if geK,

n(g) =

1, if 1 #ge{H|xe G}.

Now we see that kerp = K < G.
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As we mentioned earlier no group theory proof exists for the
Frobenius kernel to be a subgroup, but in some special cases
there is a proof that we will present here.
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If Gis a Frobenius group with complement H and kernel K,
then

Ne(H) = H
and |K| =[G: H].
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f NG G=NH NNH=1, then N< K.

Lemma (Burnside)

If Gis a finite group and P is a Sylow p-subgroup of G such
that Ng(P) = Cg(P), then P has a normal complement in G, i.
e. , there is N < G such that G= NP, NN P=1.
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Theorem

Let G be a Frobenius group with complement H and kernel K.
Assume that H is an abelian p-group. Then K'is a normal
subgroup of G.

proof. From the fact that Ng(H) = H and the fact that H is
abelian we obtain

H= Ne(H) > Co(H) > H
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Therefore Ng(H) = Cg(H). But (|H| : [G: H]) = 1 from which
it follows that H is a Sylow p-subgroup of G. Now by
Burnside's theorem H has a normal complement N in G, i. e.
G=NH, NNnH=1and NI G.
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Corollary

Let G be a finite Frobenius group with complement H and
kernel K. Suppose H is centralized by a Sylow p-subgroup of G.
Then K G.
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proof. By assumption H < Cg(P) where P is a Sylow
p-subgroup of G. But:

l#xe H= Cg(x) <H

Therefore Cg(P) < H= Cg(P) = H= Ng(P). Now by
Burnside's theorem: IN<I G, G= NP. = |[N| =[G : P].
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By Lemma 1,

N<K= |N=[G:P|<|K=[G:H. = |P|>|H =
P=H

By Theorem 3 — K< G.
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Another group theoretical proof under different conditions
exists that we mention below. If 2 | |H|, there is an elementary
proof that K < G due to Bender:
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Let t be an element of order 2 in H and g € G\H. Then either
a=t-gltg=tt& = [t, g

isin Kor 3x € Gsuch that 1 # a € H*
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If a€ = ac XN H*N HE

Because at = a ! = a8 = H¥ = H* = H*® t,t8 ¢ H¥
If #*= H contradicts t € H and t& ¢ H.

Therefore: tt8 € Kif g€ G\H.
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Let {g1, - ,&n} be a transversal of Hin G, n=[G: H].
1

HE = tf = 15 =18 <= 158 =t gg '€ H

The elements tt51, - - - | tt8" are pairwise distinct.

— K= {tglt,u- ’tgnt}
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Now we show that K < G. For t8 there exists gs such that
t8it = i,

= (tt8)(tt8) = t(t8it)t8 = t(tt8)t8 = t8t8 = (ttg,.g_;l)gs €
K& =K

tt8 € K for ge G\H.
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If the complement H is solvable, then K'is a subgroup of G.
% R. H. Shaw, Remarks on a theorem of Frobenius, Proc.
Amer. Math. Soc., 3(1952) 970-972.
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H acts on K— {1} by conjugation without a fixed point, orbits
of size |H|. Therefore |H| | |[K|—1= (|H|,|K]) =1. If K< G,
then Kis a Hall-subgroup of G. Also H is a Hall — subgroup of
G.
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Looking at the Frobenius group G as a transitive permutation
group on the set Q, Q| =n, H= G,, « € Q. Then

|Q2] =[G : H]. The number of orbits of H on € is called the
rank of G, r = rank(G).

Each nontrivial H-orbit has six |H| and there are s =
n—1
H

n—1

H]
such orbits, rank(G) =1+s=1+
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If rank(G) < 3, then K < G by using elementary group theory.
% W. Knapp and P. Schmiott, Frobenius groups of low rank,
Acch Math. 117(2021) 121-127.
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The proof uses the fact that H is a Hall-subgroup of G, and for
every prime p dividing |K| = n =[G : H], the Sylow p-subgroup
of G are contained in K. Thus for small rank, consequence of
the Sylow theorem implies K < G. In particular if [G: H] is n
prime power then Kis a Sylow subgroup of G.
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Suppose G is a Frobenius group with complement H and kernel
K. Assume K< G, G = HK.
G has a unique kernel. If K is solvable, then H is nilpotent.
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Thompson showed that K is always nilpotent. Any subgroup of
H of order p? or pq is cyclic p, q primes. If P € Syl,(H), p # 2,
then Pis cyclic and p = 2, P is cyclic or generalized quaternion.
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K has an automorphism without fixed points, if |H| is even,
then K is abelian.

Example that K'is non-abelian.

D5, n odd is Frobenius with kernel of order 2.

Praglandan Perumal: Msc. Thesis

V2(5) . 5[.2(5)

GF(q)* acts by right multiplication on (GF(q),+). The
corresponding semidirect product GF(q)*(q) is Frobenius group.
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Thank You for Your Attention



